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Abstract

Recent years have seen the emergence of a lot of research on the

application of machine learning techniques in actuarial science. In

particular, there has been a noticeable amount of papers regarding

machine learning applied to P&C Loss Reserving. Overall, there is

a growing understanding that machine learning techniques provide

better prediction accuracy of the outstanding liabilities compared to

traditional methods. Nevertheless, the greater accuracy is offset by a

difficult interpretations of results. This makes them in line of princi-

ple not suitable in a increasing regulated world, as it is the insurance

business. Our objective is to show how we can introduce elements

of machine learning into the traditional actuarial reserving methods

in a gradual way. We strive to achieve a balance between predictive

power and interpretability by introducing step-by-step new machine

learning elements, with the possibility to simply start from the legacy

paid/incurred datasets underlying the loss claim triangles without in-

troducing any cumbersome data requirement or significant IT invest-

ment.

Keywords: claims reserving, Mack’s CL model, individual claims reserving,

machine learning, non-life insurance
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Preface

Our starting point is the most classic of the actuarial reserving models, i.e. the

Chain Ladder model. By means of interpretation of the Chain Ladder model

as a constrained linear regression, in section 1 we show how we can apply an

aggregated model to individual data. In section 2 we move a step further, removing

some constraints and making use of clustering techniques to aggregate claims in

homogeneous groups such that for each of them we can accept the validity of the

chain-ladder assumptions. Subsequently, in section 3, we describe a model we

developed and calibrated on real data that makes jointly use of paid and incurred

data; in particular, we show how the clustering of the paid-incurred trajectories

lets us obtain groups of very homogeneous data for which we can use a linear

regression model. We conclude the paper by discussing potential extensions which

make use of more powerful, tree-based regression techniques.

1 The Chain Ladder model as linear regres-

sion on individual loss data

This section shows how the Chain Ladder model can be reinterpreted as a con-

strained linear regression. This also satisfies the underlying assumptions of the

Mack model [1]. Then, it is proved that a linear regression which yields the same

estimates can be applied to individual loss data. Finally, suggestions to general-

ize the linear models are discussed; this topic is presented more in-depth in the

following sections.

1.1 Recalling the Mack model

Let t be the evaluation date and let Ci,j , i = 0, 1, ..., t; j = 0, 1, ..., t be the

cumulative payments, i.e. the total amount of payments generated by claims of

accident year i up to time i+ j; the following assumptions are adopted:

1. (C0,0, ..., C0,t), ..., (Ct,0, ...Ct,t) stochastically independent;

2. (Ci,0, ..., Ci,t) Markov chain for each accident year i;

3. There exist f0, ..., ft−1 strictly positive such that:

E(Ci,j |Ci,0, ..., Ci,j−1) = E(Ci,j |Ci,j−1) = Ci,j−1fj−1; (1.1)
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4. There exist σ20, ..., σ
2
t−1 strictly positive such that:

V (Ci,j |Ci,0, ..., Ci,j−1) = V (Ci,j |Ci,j−1) = Ci,j−1σ
2
j−1. (1.2)

Mack proposes the following estimator for the ultimate cost:

C̃i,t = Ci,t−i

t−1∏
j=t−i

f̃j−1. (1.3)

One can prove that the following are unbiased and uncorrelated estimators of

f0, ..., ft−1:

f̃j−1 =

∑t−j
i=0Ci,j∑t−j
i=0Ci,j−1

, (1.4)

which, as Mack proved, are the same as the Chain Ladder model. Thus, the

estimator of the reserve is:

R̃i = C̃i,t − Ci,t−i. (1.5)

Mack then proposes the following estimators for the parameters σ20, ...σ
2
t−2:

σ̃2j−1 =
1

t− j

t−j∑
i=0

Ci,j−1(
Ci,j
Ci,j−1

− f̃j−1)2, (1.6)

where an estimate for σ2t−1 may be obtained by means of extrapolation.

1.2 Some notes on linear regression

Let consider this zero-intercept simple linear regression model:

Yi = βXi + εi,

where the following hold true:

1. E(εi|Xi) = 0;

2. (Xi, Yi), (Xj , Yj) stochastically independent if i 6= j; and

3. V (εi|Xi) = αiσ
2, with αi > 0, σ2 > 0.

Consistently with assumption 3), weights ωi = 1
αi

are assigned and β is estimated

by means of weighted OLS, i.e. the following quantity is minimized:

n∑
i=1

ωi(yi − βxi)2,
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and therefore the estimate is:

β̂ =

∑n
i=1 ωixiyi∑n
i=1 ωix

2
i

. (1.7)

One can prove that the estimator

β̃ =

∑n
i=1 ωiXiYi∑n
i=1 ωiX

2
i

(1.8)

is unbiased and consistent.

1.3 The linear regression underlying the Mack model

In this section it is shown that the Mack model can be interpreted as a constrained

linear regression.

Lemma 1.1. Let us consider Ci,j:

Ci,j = fj−1Ci,j−1 + εi,j−1 (1.9)

and assume the following:

I. (C0,0, ..., C0,t), ..., (Ct,0, ...Ct,t) stochastically independent;

II. (Ci.0, ..., Ci,t) Markov chain for each i;

III. E(εi,j−1|Ci,0, ..., Ci,j−1) = 0;

IV. V (εi,j−1|Ci,0, ..., Ci,j−1) = Ci,j−1σ
2
j−1;

then the assumptions above are equivalent to the the assumptions of the Mack

model.

Proof. We start by proving that the Mack model assumptions imply the linear

regression assumptions:

• I and II are the same 1) and 2) of the Mack model;

• Assumption 3) implies Ci,j = fj−1Ci,j−1 + εi,j−1 and III; and

• Assumptions 2), 3) and 4) imply IV: indeed V (εi,j−1|Ci,0, ..., Ci,j−1)=1

= V (Ci,j − fj−1Ci,j−1|Ci,j−1)=2V (Ci,j |Ci,j−1) = σ2j−1Ci,j−1.

12) implies V (εi,j−1|Ci,0, ..., Ci,j−1) = V (Ci,j − fj−1Ci,j−1|Ci,0, ..., Ci,j−1) = V (Ci,j −
fj−1Ci,j−1|Ci,j−1) = V (εi,j−1|Ci,j−1).

2In general, V (Y − X|X) = V (Y |X) + V (X|X) − 2cov(X,Y |X), with V (X|X) = 0

and cov(X,Y |X) = E(XY |X)− E(X|X)E(Y |X) = XE(Y |X)−XE(Y |X) = 0
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We now prove that the linear regression assumptions imply the Mack model as-

sumptions:

• 1) and 2) are the same as I and II of the linear regression model;

• Assumption 3) trivially descends from Ci,j = fj−1Ci,j−1+εi,j−1 and III; and

• V (Ci,j |Ci,j−1) = V (fj−1Ci,j−1 + εi,j−1|Ci,j−1) = V (εi,j−1|Ci,j−1) =

= σ2j−1Ci,j−1

The estimates of f0, ..., ft−1 can be obtained from the known cumulative pay-

ments, i.e. those such that i + j ≤ t; accordingly to 4), weights ωi = 1
Ci,j−1

are

assigned. By means of (1.8), the following estimators are derived:

f̃j−1 =

∑t−j
i=0Ci,j∑t−j
i=0Ci,j−1

(1.10)

These estimators are the same that Mack proposes and therefore give the same

reserve estimates as the Chain Ladder deterministic model.

To estimate σ20, ..., σ
2
t−2, the usual unbiased estimator based on the squared residu-

als is adopted. In this context, because weights have been introduce, the weighted

residuals
√
ωi(ŷi − yi) are used. Thus, the estimates are:

σ̂2j−1 =
1

t− j

t−j∑
i=0

1

ci,j−1
(ci,j− f̂j−1ci,j−1)2 =

1

t− j

t−j∑
i=0

ci,j−1(
ci,j
ci,j−1

− f̂j−1)2. (1.11)

The estimator is equivalent to the estimator Mack proposes:

σ̃2j−1 =
1

t− j

t−j∑
i=0

Ci,j−1(
Ci,j
Ci,j−1

− f̃j−1)2. (1.12)

As in the Mack model, the estimate for σ2t−1 cannot be obtained directly within

the model, and an extrapolation may be considered.

1.3.1 The regression with the intercept

The interpretation of the Mack model, or Chain Ladder, as a linear regression

suggests immediately how to generalize the model. As a very first step, an intercept

can be added to the linear model:

Ci,j = βj−1 + fj−1Ci,j−1 + εi,j−1. (1.13)
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The model can be further expanded by introducing other regressors, or even by

changing the structure of the regression function. As a very general model, one

can assume:

Ci,j = f(Xi,j−1) + εi,j−1, (1.14)

where Xi,j−1 is a vector of regressors (which can include, for example, all the

past payments, information about the case reserves and related transformations)

and f is the regression function, which can be estimated parametrically (linear

regression, GLMs,...) or nonparametrically (tree based models).

In the next sections, it is showed how we can use this regression framework on

individual loss data.

Remark. The introduction of an intercept in the model can also be used to test

the validity of the Chain Ladder assumptions by performing the following statistical

test:

H0 : βj−1 = 0 vs H1 : βj−1 6= 0 (1.15)

The test on the intercept is a known technique to assess the goodness of fit of the

Chain Ladder model. To this extent, it is worth to mention Halliwell [13], who

presents the topic as Chain Ladder ”bias”.

1.4 Regression on individual loss data

In this section the individual claims reserving framework is introduced. Instead

of considering the claims on an aggregated basis, a model on individual claims

payments is proposed. It is shown that this model yields the same estimates of

the Chain Ladder (or Mack) model.

Let ni be the number of claims of accident year i. We denote Chi,j , h = 1, ..., ni the

cumulative payment up to time i+ j of the h−th claim of accident year i, where:

Ci,j =

ni∑
h=1

Chi,j . (1.16)

As in the aggregate model, the cumulative payments Chi,j where i + j ≤ t, are

known at evaluation date t; the others are the object of our forecasting.

If we consider the linear model:

Chi,j = fj−1C
h
i,j−1 + εhi,j−1,

we can prove that this model provides the same estimates of the aggregated one.

As before, weights ωhi = 1
Ch

i,j−1

are assigned and the parameters are estimated
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accordingly to the aggregate model (as before, only claims of accident year i ≤ t−j
are considered).

Remark. Please note that for the initial development periods, Chi,j−1 may be nil

and therefore ωhi could fail to exist. Therefore, when implementing the reserving

algorithm, we can either ignore the claims where Chi,j−1 = 0 or set Chi,j−1 to a

relatively small number (eg. 10(− 5)). As the second option is more pragmatic, to

the extent of the paper we will consider only claims with cumulative non-nil.

By means of (1.8) and (1.16), and assuming ωhi > 0 the following estimators

are derived:

f̃j−1 =

∑t−j
i=0

∑ni
h=1C

h
i,jC

h
i,j−1

1
Ch

i,j−1∑t−j
i=0

∑ni
h=1(C

h
i,j−1)2

1
Ch

i,j−1

=

∑t−j
i=0Ci,j∑t−j
i=0Ci,j−1

(1.17)

which yield the same estimates of the Mack model.

Remark. Also in this case, an intercept can be introduced. As it will be shown

in the next sections, this is particularly useful in presence of null cumulative pay-

ments.

1.5 Criticisms and remarks

1.5.1 Dishomogeneous claims

Mack model assumptions may be unacceptable if the claims considered are not

homogeneous. In the actuarial common practice, claims are usually aggregated

on a balance-sheet logic, which can lead to groups of very dishomogeneous claims.

In particular, one have to pay attention to the separation of large claims from

attritional ones. In the next section, it is showed how homogeneous claims can be

aggregated using clustering methods.

1.5.2 Tails

In the model, it has been assumed that a claim cannot generate cash-flows after

calendar year t+ i. In practice, that may not be true. Thus, it could be necessary

to extrapolate the cumulative payments Chi,j , j > t so that a prediction for the

ultimate cost Chi,+∞ can be obtained. In section 4, a method to cope with the tails

on an individual basis is described.
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2 Linear regression and clustering

on individual loss data

In the previous section it has been remarked that the Chain-Ladder (or Mack)

model may not be suitable if the claims are dishomogeneous. To solve this prob-

lem, in this section it is proposed to cluster the individual claims and to use this

information to generalize the linear regression of the previous section. Matters re-

garding clustering procedures are, for the moment, postponed: it is assumed that,

using the information available for each claim at calendar year i+j−1 (to estimate

fj−1, j is fixed and i depends on the claim considered), it is possible to identify

m clusters such that two claims belonging to the same cluster can be considered

similar and two claims belonging to different clusters can be considered different.

A linear model is assumed for each group of claims:

Ckhi,j = βkj−1 + fkj−1C
kh
i,j−1 + εkhi,j−1, k = 1, ...,m; h = 1, ..., nk, (2.1)

where k indicates the cluster, kh indicates the h−th claim which belongs to the

k−th cluster in calendar year i+ j.

Remark. The idea of extending the regression underlying the Mack model was

already proposed by Barnett and Zehnwirth [9]; in this section we show how to

apply the same idea on individual loss data.

2.1 Model assumptions and estimates

The following assumptions are considered:

1. E(εkhi,j−1|C
kh
i,j−1) = 0;

2. Vectors of cumulative payments related to different claims are stochastically

independent; and

3. V (εhki,j−1|Chi,j−1) = Chi,j−1σ
2
j−1.

Weights ωhi = 1
Ch

i,j−1

are assigned and the estimates of the development factors are

obtained by means of the weighted least squares method.

2.2 Forecast

2.2.1 One-step forecast

We consider a fixed development year j = 1, ..., t and all the claims of accident

year i such that i+ j − 1 = t. The cumulative payments up to time i+ j − 1 are

9



known; the first step is to forecast Ckhi,j .

We observe that, for a claim belonging to cluster k, the following equation holds

true:

E(Ckhi,j |C
kh
i,j−1) = βkj−1 + fkj−1C

kh
i,j−1. (2.2)

It is therefore natural to consider as the predicted value of Ckhi,j the following:

Ĉkhi,j = β̂kj−1 + f̂kj−1C
kh
i,j−1. (2.3)

Remark. If the intercept is discarded, a model conceptually similar to the Chain-

Ladder (or Mack) is obtained; however, in this model, the development factor

may be different across different groups (eg. the development factors related to

attritional claims may be different to the ones related to large claims). We assert

that by clustering claims in homogeneous groups we can obtain estimates which are

more reliable than the ones obtained with the aggregate model.

Furthermore, we observe that, if a number of clusters equal to one is chosen (i.e.

there is no clustering) and if intercept is discarded, the model yields the same

estimates of the Chain-Ladder (or Mack) model.

2.2.2 Forecasting the ultimate cost

In the previous section, the estimates Ĉkhi,j have been obtained; this section shows

how it is possible to estimate the ultimate cost Chi,t and the reserves.Therefore,

the estimate Ĉkhi,j is now considered as a known feature3 of the claim in calendar

year i+ j; by means of that and of the other features, the claim is classified in one

of the m clusters, which have already determined, of the model related to factors

f1j , ..., f
m
j (which have been estimated by means of the claims such that i+ j ≤ t).

Supposing that the claim belong to cluster k in calendar year i+ j, the following

estimate is obtained:

Ĉkhi,j+1 = β̂j0 + f̂
kj
j Ĉ

h
i,j . (2.4)

Considering a single claim, we denote with kj the cluster it belongs to in calendar

year i + j; by means of iterative application of (2.4) for all development years j,

the estimate of the ultimate cost is obtained:

Ĉhi,t = Chi,t−i

t−1∏
j=t−i

f̂
kj
j +

t−1∑
j=t−i

β̂j0. (2.5)

3Formally, if Fi+j is the sigma-algebra representing the information available in i+ j,

we say that the random variable Ch
i,j is Fi+j-measurable
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Thus, we obtain the estimate of the individual reserve:

R̂hi = Ĉhi,t − Chi,t−i, (2.6)

and therefore the estimate of the total reserve:

t∑
i=0

ni∑
h=1

R̂hi . (2.7)

2.3 Claims clustering

In this section it is shown how to find the clusters which have been used in the

previous sections. Let us consider a fixed development period j = 1, ..., t and the

claims of accident years i such that i + j ≤ t. In calendar year t, every claim is

characterized by a n−dimensional vector of features, which we denote with Xh,i,j

(features of the h−th claim of accident year i in calendar year i+j). Some of these

features may be static (i.e they do not change over time), while some others may

be dynamic. We remark that the reason we consider different clusters for each

development year is due to the dynamic features.

We cite as examples of static variables the line of business of the related policy,

the affected guarantee, the number of people involved etc.; as examples of dynamic

features, we cite the payment sequence, the case reserves sequence, the payments

related to medical and legal expenses, the numbers of lawyers allocated to the

claim etc. (for a formal and complete presentation of the available features, we

refer to Wüthrich [3]). We remark that if we make use of dynamic features, we

need to predict them as well, just like the cumulative payments (we refer againt

to Wüthrich [3] for the details).

To cluster the claims, either the most common clustering techniques (e.g. k-means)

or more sophisticated ones (gaussian mixtures) can be deployed. A great deal of

attention must be paid to the choice of the number of clusters: it may be made

either by means of common techniques found in literature (e.g., Hastie et al. [7]),

or by choosing a priori a number of clusters consistent with one’s objective (for

example, if one simply would like to separate attritional claims from large ones,the

number of clusters can be set equal to two). In the next section, a method to select

the best number of clusters based on the predictive power of the model will be

described.

2.3.1 Claims clustering with paid and case reserves data

As a basic setup, we recall the paid/case reserve approach suggested by Mack

[10]. Let us fix development year j, which means that the objective is to estimate

11



f1j−1, ..., f
m
j−1. We consider all the claims of accident years i such that i+ j ≤ t and

we denote with Bh
i,j the case reserve at year i + j of the h−th claim of accident

year i. For each claim we are considering, there is a vector

(Chi,1, ..., C
h
i,j , B

h
i,1, ..., B

h
i,j) ≡ P hi,j (2.8)

called the paid-reserve trajectory. We can identify m clusters using, for example,

the k-means algorithm.

Remark. We note that, to remain consistent with the Mack markovian assump-

tion, we can cluster using only the last paid-incurred information: indeed, if we

use all the trajectory, we are implicitly assuming that the distribution of the future

cumulative payments depend not only on the last one, but also on the previous

ones.

2.4 General considerations

2.4.1 Compatibility with legacy actuarial datasets

We remark that, if the features in the clustering phase consist only of paid and

incurred information, this model requires no more data than those that actuaries

already have. That makes the implementation of the model very easy in practice,

because it does not require any change in how the data are collected and stored.

2.4.2 Why clustering?

One could ask why we should cluster the claims and then proceed to the regression

when in fact it is possible to use the individual claims features directly as regressors.

This choice is consistent with the aim of proceeding step by step: in this way a

model which is conceptually similar to the Chain-Ladder is obtained and which is,

as a matter of fact, a generalization of it.

2.4.3 Generalizing the regression

The next step, therefore, is to generalize the regression model. First of all, some

individual claims features may be used as regressors (and as a result, avoiding or

reducing the clustering phase). Then, more accurate regression models could be

deployed. For example, one may identify large and attritional claims and then

assume a Pareto distribution for the first ones and a gamma glm for the second

ones. As a further step, ”black-box” models for predicting the future payments

can be introduced. This topic is further discussed in section 5.
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3 A joint paid-incurred model on individual

loss data

3.1 Introduction

In practice, especially for long tailed lines of business, actuaries do not rely only

on paid data, but also on incurred one. Even though incurred data is used in

the clustering phase, it is still possible that the predicted ultimate cost of a claim

with a large case reserve for a claim with a nil last cumulative paid is small. For

this reason, it may be appropriate to consider a model also for incurred data. We

observe that the model we described in the previous section can be applied on

incurred data as well. This section shows it is possible to jointly model paid and

incurred data to obtain a single ultimate cost for each claim.

As before, a model on paid data is introduced:

Ckhi,j = βkj−1 + fkj−1C
kh
i,j−1 + εkhi,j−1 (3.1)

In addition to this model, the associated incurred model is considered:

Ikhi,j = βkj−1 + fkj−1I
kh
i,j−1 + εkhi,j−1 (3.2)

We remark that the clusters are the same for both the models. Furthermore, we

specify that in this model only paid and incurred data are used (further regressors

are introduced in section 4).

First of all, an easy procedure to decide whether to introduce an intercept into the

model is presented. Then, it is described how to choose an appropriate number

of clusters, so that to maximise the joint predictive power of the models. At

the conclusion of the section an heuristic (but accurate) method to combine the

ultimate costs obtained with the two models is discussed.

3.2 Model selection

3.2.1 Selecting whether to include the intercept

Let us, for the moment4, fix a number of cluster equals to m for development

period j. Furthermore, let us focus on the paid model (the method is the same for

the incurred model).

4As it is showed in the next section, the procedure for selecting the optimal number of

clusters is iterative, and at each step a decision about whether to include the intercept or

not is taken.
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To decide whether to include the intercept, we fit the model with intercept and

the model without intercept. The two AIC are then compared and the model with

the lowest AIC value is chosen. For linear regression models, the AIC has the

following expression:

AIC = 2p+ n log(σ̂2), (3.3)

where p is the number of parameters, n the number of observations used to fit the

model and σ̂2 is the residuals squared sum divided by the number of observations.

In this case, p is equal to 1 or 2 depending on whether the model has the intercept

and n is the number of elements in the cluster.

The same procedure is then repeated on the incurred model.

Remark. With this method, for a fixed development period, we can include the

intercept in one model and not in the other. Our experience suggests that typically

the models on incurred data do not require the introduction of an intercept. On the

other side, models on paid data usually require the intercept for clusters including

large claims (where often the Chain Ladder assumptions do not hold true), while

it is often not included for clusters consisting of mainly attritional claims (where

often the Chain Ladder assumptions hold true).

3.2.2 Choosing the optimal number of clusters

For each cluster a decision about whether to include the intercept in the associated

paid and incurred models has been taken. It is now necessary to choose the optimal

number of clusters, so that the model has strong predictive power for both paid

and incurred. At this point, it is possible to compute the total AIC of the model

with m clusters.

We denote with pPh ∈ {1, 2} the number of parameters of the paid model associated

with the h−th cluster, and with pIh ∈ {1, 2} the number of parameters of the

incurred model associated with the h−th cluster. In this way, the number of

parameters of the model with m cluster is
∑m

h=1(p
P
h + pIh). We can now compute

the AIC for this model as stated in (3.3), where RSS is the sum of the RSSs of

each model and n is the total number of claims which are used to fit the model.

Remark. In this way, the two models are considered equivalent, ie. they have the

same importance. In fact, this may not be desirable. Indeed, it is natural to trust

more in incurred data for the recent accident years, where the ratio paid/incurred

is still low, and to trust more paid data for older accident years. Following this

logic, weights can be introduced

αj =
Cj,t−j
Ij,t−j

, (3.4)
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together with a new target variabile

Y kh
i,j = αjC

kh
i,j + (1− αj)Ikhi,j . (3.5)

The new RSS can be heuristically considered as the weighted average of the RSSs

of the paid and incurred models, where the effective number of parameters is

αjp
P
h + (1− αj)pIh. (3.6)

This weighting is also consistent to what is proposed in the next section to combine

the results of the two models together.

At this point, the AIC of the model with m clusters has been computed. The

same procedure can be repeated for m in 1, ...,maxclusters, where the last is a

parameter that must be set in advance5. We then select the model with the lowest

AIC.

Remark. Instead of using the AIC, machine learning procedures usually require

the use of cross validation. Our recommendation of using AIC is only driven by

cost/benefit analysis, ie. we are currently observing that AIC selects very similar

models to cross validation using a fraction of the computational power (and run-

time). Furthermore, Stone [11] showed that cross-validation and AIC are asymp-

totically equivalent.

3.3 Combining the two models

The prediction of the future payments and incurred data is the same as has been

presented in the previous section. Thus, an ultimate cumulative paid amount with

the paid models and an ultimate incurred amount with the incurred models are

obtained. Therefore, we need to combine the two results into a unique, selected

ultimate cost. One heuristic way to do this is to consider a weighted average of the

two predictions. The underlying idea is that we trust more in incurred data for

the recent accident years, when the ratio paid/incurred is still low, and vice versa.

So, for a claim of accident year i, we select the ultimate cost defined as follows:

αiĈhi,t + (1− αi)Îhi,t, (3.7)

5From a theoretical point of view, this parameter should be set as high as possible.

However, the computational cost of adding clusters can be very high, and our experience

suggests that the optimal number of clusters is, typically, not very high.
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where αi is defined as in 3.4. We remark that 3.7 is consistent with 3.5.

Another possibility is to consider weights specific for each claim, for example:

αhi,j =
Chi,t−i

Ihi,t−i
(3.8)

3.4 Tails

In section 1 it has been remarked the need to implement a model to extrapolate fu-

ture payments beyond development period t. Therefore, we will introduce a model

which applies to paid data only. This model yields a new ultimate cumulative

payment, which then is averaged with the ultimate incurred obtained as described

above.

For each claim, the individual development factors are defined as follows:

fhi,j−1 =
Chi,j

Chj−1
(3.9)

(to streamline the notation, we do not specify if the quantities are observed or

estimated; furthermore, these ratios are not defined when Chj−1 = 0 and Chi,j > 0

and are equal to 1 when both the quantities are zero).

These factors can be extrapolated with the same procedures used for the one

related to the cumulative payments. We propose to fit a linear regression such

that:

log(fhi,j − 1) = βhi,j + γhi,jj + εhi,j . (3.10)

Having fixed a tail projection period equals to m, we can predict Chi,t+m as follows:

Ĉhi,t+m = Ĉhi,t[
m∏

k=t+1

(e
ˆβh
i,j+

ˆγhi,jk + 1)]. (3.11)

To avoid obtaining unrealistic results, some extreme development factors may be

discarded from the fitting process.
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4 Model extensions

In this section some potential extensions of the model are proposed. These can

come into two forms: addition of more regressors (or features) and change of the

regression model structure.

Remark. In this section clusters are not used anymore: their introduction was

due to the use of a constrained linear regression. By dropping every constrain and

moving away from linear regressions, clustering is not needed anymore.

In general, a structure of this kind can be assumed:

Chi,j = f(Xh
i,j−1) + εhi,j−1 (4.1)

with the assumption:

E(εhi,j−1|Xh
i,j−1) = 0 (4.2)

where Xh
i,j−1 is a set of regressors related to the h−th claim of accident year i

known and known in calendar year i+ j − 1.

As in the previous section, an associated model on incurred data can be assumed.

However, the need to consider two models together should decrease with the intro-

duction of more information: if the features related to a claim are really significant

to predict its ultimate cost, a paid-only model is sufficient to obtain good predictive

power.

4.1 Making use of more features

In previous sections, only paid and incurred data were used. However, insurance

companies collect far more information which can be relevant to predict the ulti-

mate cost a of a claim.

As stated in section 2.3, some features can be static, whilst other ones can be dy-

namic. The introduction of static features into the model is straightforward, and

it has been proved to be of great importance in improving the predictive power

of the model, see Wüthrich [2] and Taylor [12]. The introduction of dynamic fea-

tures, instead, requires their modeling (in a way similar to how paid and incurred

data were modelled in the previous sections). This can lead to very computational

demanding models and even to a reduction of the predictive power of the model,

especially if the features are not so relevant to predict the ultimate cost.
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4.2 Refining the regression structure

In the previous sections, the regression function f has been modeled as a linear

function of the regressors. However, this choice is quite restrictive and may yield

bad predictive results.

Given the high number of potential features which can be used, it may make sense

to use some tree-based model (random forest, gradient boosting) to estimate the

regression function f . Indeed, they operate an implicit selection of the relevant

features; furthermore, compared to neural networks, they are also easy to fine

tune.
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